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ORIENTATION 


This  is  Part  II  of  a  six-part  report  on  the  results  of  an 
investigation  into  the  problem  of  determining  the  scattered  field 
resulting  from  the  interaction  of  a  given  electromagnetic  incident 
wave  with  a  perfectly  conducting  body  executing  specified  motion  and 
deformation  in  vacuum.  Part  I  presents  the  principal  results  of  the 
study  of  the  case  of  a  general  motion,  while  Part  II  contains  the 
specialization  and  completion  of  the  general  reasoning  in  the  situation 
in  which  the  scattering  body  is  stationary.  Part  III  is  devoted  to 
the  derivation  of  a  boundary-integral-type  representation  for  the 
scattered  field,  in  a  form  involving  scalar  and  vector  potentials. 

Parts  IV,  V,  and  VI  are  of  the  nature  of  appendices,  containing  the 
proofs  of  numerous  auxiliary  technical  assertions  utilized  in  the 
first  three  parts.  Certain  of  the  chapters  of  Part  I  are  sufficient 
preparation  for  studying  each  of  Parts  III  through  VI.  Specifically, 
the  entire  report  is  organized  as  follows: 

Part  I.  Formulation  and  Reformulation  of  the  Scattering 

Problem 

Chapter  1.  Introduction 

Chapter  2.  Manifolds  in  Euclidean  Spaces. 

Regularity  Properties  of  Domains 
[Summary  of  Part  VI] 

Chapter  3.  Motion  and  Retardation 
[Summary  of  Part  V] 


Chapter  4.  Formulation  of  the  Scattering  Problem. 
Theorems  of  Uniqueness 

Chapter  5.  Kinematic  Single  Layer  Potentials 
[Summary  of  Part  IV] 

Chapter  6.  Reformulation  of  the  Scattering  Problem 


Part  II.  Scattering  by  Stationary  Perfect  Conductors 
[Prerequisites:  Part  I] 


Part  III.  Representations  of  Sufficiently  Smooth  Solutions 
of  Maxwell's  Equations  and  of  the  Scattering 
Problem 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3],  Sections  [1.4.1]  and  [1.5.1-10]] 


Part  IV.  Kinematic  Single  Layer  Potentials 

[Prerequisites:  Section  [1.1.4],  Chapters  [1.2 
and  3] ] 


Part  V.  A  Description  of  Motion  and  Deformation.  Retardation 
of  Sets  and  Functions 

[Prerequisites:  Section  [1.1.4],  Chapter  [1.2]] 


Part  VI.  Manifolds  in  Euclidean  Spaces.  Regularity 
Properties  of  Domains 
[Prerequisite:  Section  [1.1.4]] 


The  section-  and  equation-numbering  scheme  is  fairly  self- 
explanatory.  For  example,  "[1.5.4]"  designates  the  fourth  section  of 
Chapter  5  of  Part  I,  while  "(I. 5. 4.1)"  refers  to  the  equation  numbered 
(1)  in  that  section;  when  the  reference  is  made  within  Part  I, 
however,  these  are  shortened  to  "[5.4]"  and  "(5.4.1),"  respectively. 
Note  that  Parts  II-VI  contain  no  chapter-subdivisions.  "[IV. 14]" 
indicates  the  fourteenth  section  of  Part  IV,  "(IV. 14.6)"  the  equation 
numbered  (6)  within  that  section;  the  Roman-numeral  designations  are 
never  dropped  in  Parts  II-VI. 


-iii- 


A  more  detailed  outline  of  the  contents  of  the  entire  report 
appears  in  [1.1.2].  An  index  of  notations  and  the  bibliography  are 
also  to  be  found  in  Part  I.  References  to  the  bibliography  are  made 
by  citing,  for  example,  "Mikhlin  [34]."  Finally,  it  should  be 
pointed  out  that  notations  connected  with  the  more  common  mathematical 
concepts  are  standarized  for  all  parts  of  the  report  in  [1.1.4], 


PART  II 


SCATTERING  BY  STATIONARY  BODIES 


We  consider  in  this  part  the  (still  non-trivial)  scattering 
of  electromagnetic  waves  by  a  stationary  perfectly  conducting  body. 

For  certain  classes  of  incident  waves  and  fixed  scatterers,  we  intend 
to  complete  the  line  of  reasoning  begun  in  Part  I,  by  producing  the 
solution  of  the  reformulated  problem  set  up  in  [1.6.1  and  5],  and  so 
subsequently  generating  the  solution  of  the  scattering  problem. 

The  first  step  involves  the  simplification  of  the  integro- 
differential  equations  of  [1.6.5]  under  the  assumption  of  a  null 
motion. 

[II. 1]  THE  REFORMULATED  PROBLEM  IN  THE 

CASE  OF  A  STATIONARY  BODY.  Suppose,  as  we 

shall  throughout  Part  II»  that  M  is  a  null  motion  in  H(2) :  we 
shall  provide  the  explicit  forms  of  the  systems  (I. 6. 5. 4  and  6)  in 
this  case,  by  appropriately  specializing  the  results  of  [1.6.6]. 

Now,  we  have  8^  *  Bq  for  each  ?  G  ]R  (so  B  =  Bq*]R) .  The  inclusion 
M  €  11(2)  serves  merely  to  ensure  that  dSQ  -  3(8°;  is  a 
(2,3;2)-manifold  (so  Bq  is  a  2-regular  domain).  To  summarize 
further  the  simplifications  cited  in  [1.5.13],  recall  that  we  have 
agreed  to  employ  in  this  stationary  case  the  reference  pair  (5  ,\°) 


for  Ai,  wherein  X°(*,0)  is  the  identity  on  38g;  of  course, 

X°(*,0  is  also  the  identity  on  38g  for  each  ?  £  IR,  as  is 

o  A 

[X  ]^x  tj  for  each  (X,t)  £  IR  .  Thus, 

X°4  -  0  on  SBqXIR, 

and 

u  *  0  on  3oq*1R. 

The  field  v  on  38g*]R  is  independent  of  its  fourth  argument: 
v(*,c)  »  v(*,0)  on  3Bq  for  each  £  €  ]R.  Accordingly, 

[v]  tj  ■  ( *  ,0)  on  3Bq  for  each  (X,t)  €  ]R* . 

Let  us  write  v(*)  in  place  of  v(»,0).  It  is  easy  to  see  that 

JX°(»,;)  -  JX°(.,0)  :*  JX°  -  1  for  each 

If  f  is  an  ]Rn-  or  K-valued  function  on  38q*]R,  there  is  no 

o 

distinction  between  f  and  f  with  the  present  choice  of  reference 
pair.  Moreover,  the  retardation  function  t°  corresponding  to 
(80,X°)  is  given  by  simply 

T°(Y;X,t)  -  ^  rx(X°(Y,t-T°(Y;X,t)))  *  ^  ^(Y) 

4 

for  each  Y  £  38^  and  (X,t)  £  ]R  , 


whence 


while 


[f](Xtt)<Y>  =  f(Y,c-  7  rv(Y))  for  Y  €  3Sn  and  (X,t)e]R 


if  f  is  defined  on  3Bq*1R. 


Upon  taking  into  account  all  of  these  simplifications,  and 
supposing  that  is  an  incident  field  appropriate  to  M 

as  in  [1.4.1],  from  (1.6.6.18)^  ^  we  infer  that  the  system  (I. 6. 5. 4) 
[(I. 6. 5. 6)]  can  be  given  the  explicit  form,  with  X  =  1  [X  =  -1], 


’tz>‘)+^  l  h  rz,kv 


3S0  r2 


■(Z)-|?1(Z,£)  d*38. 


2»c  j  r  rZ,kv  <Z) '  ^'^(Z,;)  d" 


+  2^  J  i-fvkU)-vk)-<)(2>5) 

3S0  0 


-  2vk(Z)*Elk  (Z,4) 

[=  2vk(Z)-Blk(Z,;)], 


M'O+k  j  ^2  rZ,kV  (Z)-^5(Z,0  dX35n 
380  rZ 

+  4r  f  Xr  r,  ,!vk-vk(z)}-[;k]„  d».„ 


2-c  j  r  r2,kV  (Z)"  [*’4J(Z,;)  dX3S, 


ifc  |  trZ.l{vk-vk(Z),‘^4l 


4](Z,?)  dXSBr 


-  2£.jkvj(Z).Blk(Z,;) 

I-  -2ei:!kvj(Z)*E'kC(Z,i;)], 


for  each  (Z.O  e  36qx]R. 


One  can  also  derive  the  latter  equalities  by  using  the 
expressions  given  in  (1.5.13.5  and  6). 


It  is  to  be  observed  that  certain  of  the  troublesome 
characteristics  of  the  more  general  equations  persist  in  the  systems 
(1);  the  retardations  of  the  unknown  functions  and  their  4-derivatives 
must  still  be  dealt  with,  although  the  retardation  is  independent 
of  the  time  variable,  as  are  the  kernels  of  the  integral  operators. 

We  note  also  that  each  of  the  systems  (1)  is  "partially  uncoupled." 

That  is,  (1)2  involves  only  the  "vector  part,"  of  the  unknown; 

once  the  solution  of  this  (sub)system  has  been  shown  to  exist,  one 
can  proceed  to  examine  (1) ^  for  the  "scalar  part"  of  the  unknown,  -S'. 

Again  with  M  a  null  motion  in  M(2)  and  {E11,  B'1}  an 
incident  field  appropriate  to  M,  as  in  [1.4.1],  the  statements  of 
[1.6.1  and  5]  direct  us  to  seek  locally  Holder  continuous  functions 
<iid.  F.  and  on  35_*1R  such  that 


and  V  and  ip*  satisfy  (1)  with  ^  =  1,  while  F  and  '•  1 
are  solutions  of  the  system  (1)  with  \  =  -1.  Recall  that, 
e.g.  ,  now 

[*]  ;)(Y)  -  *(Y’S-rZ(Y))  for  Y,Z  €  3B0  and  ;6K,  (2 

If  we  succeed  in  this,  it  follows  from  [1.6.1]  and  [1.6.5]  that  there 
exists  a  solution  of  the  scattering  problem  corresponding  to  M 
and  {Eli,Bli},  which  can  easily  be  displayed  explicitly  in  terms 
of  either  ¥  and  or  T  and  y*  (cf.,  [II. 9],  -ttta-ia)  .  Other 

relations  amongst  these  functions  are  cited  in  [1.6.1].  Now, 
the  systems  (1)  are  similar  in  form  to  the  single  integro-dif ferential 
equation  considered  by  Fulks  and  Guenther  [17]  in  the  course  of 
carrying  out  a  potential-theoretic  investigation  of  initial-boundary- 
value  problems  for  the  wave  equation  in  a  cylindrical  domain  in 

4 

]R  .  We  intend  to  show  here  that,  under  additional  hypotheses  on  Bq 
and  {E11,B1  }  (corresponding  to  conditions  imposed  in  [17]), 
their  clever  implementation  of  the  familiar  technique  of  successive 
approximations  can  be  carried  over  to  serve  in  the  examination  of 
(1). 


[II. 2]  SPACES  OF  FUNCTIONS.  We  begin  by  establish¬ 
ing  notations  for  the  various  linear  spaces  of  functions  within  which 


we  shall  work.  We  shall  have  no  need  to  equip  these  spaces  with  any 
sort  of  locally  convex  topological  structure.  Let  A!  be  a  null 


motion  in  1M ( 2 ) .  For  k  *  1  or  3,  we  define 

C”(3B  *IR*Kk)  {jj:  38*1  -*  Kk !  G  C(3B *IR;Kk) 

4  U  0  '  4  0 

for  each  j  €  IN) , 


£4  0(3B0*m;Kk)  (p  G  C*OB0*lR;Kk)  |  p  -  0  on  3BQ- (-® ,0]  ; 


for  each  T  >  0,  there  exist  b  >  0, 

P , T 


C  _  >  0,  and  6  G  (0,1)  such  that 
p,T  u,T 


|x(2.C)  !t  <_  b^T 

.  (1+5,  _)j 

I^CZ.Olk  <  bu>TCJfT-J  ’ 


and 


for  Z  G  3Kq,  0  <  c  <_  T,  and  .1  €  K }, 


S4  0(380XlRiKk)  :=  {u  €  S4  q ( 3Bqx3R iIKk )  |  p  is  locally  Hblder 


continuous) . 


We  shall  write  simply  C4(oBqx]R)  in  place  of  ( 38q*1R;K)  ,  etc. 
The  utility  of  the  estimates  imposed  on  the  4-derivatives  of  an 

3 

element  u  of  either  fi,  „(35  *1R)  or  £.  „(36n*IR;K  )  will  become 

4,0  0  4,0  0 

apparent  in  [II. 7].  In  [17],  it  is  pointed  out  that  q(36q'IR)  is 
large  enough  to  be  dense  in  "most  standard  functions  spaces"  on 


35q> [0,®) ;  this  can  be  verified  by  constructing  mollified  functions 

to  approximate  a  given  function,  in  which  the  mollifying  kernel  is 

chosen  to  lie  in  £.  _(3Ba*]R) .  Fulks  and  Guenther  also  note  that  if 

4,0  0 

one  were  to  allow  6  _  *  0  in  the  definition  (2),  then  it  would 

W  9  * 

follow  that  u(Z,*)  is  analytic  for  each  Z  6  38q,  so  u  *  0, 
since  it  vanishes  on  SB^x (-® ,0] . 

[II. 3]  OPERATORS.  It  is  also  convenient  to  introduce 
concise  notations  for  the  operators  figuring  in  the  integro-dif ferential 
equations  which  we  are  to  study.  For  the  null  motion  M  £H(2),  we 
employ  the  usual  reference  pair  (8q,X°)  and  the  modified  notation 
v(-)  for  v(*,0  (?  ei R)  ;  Cf.,  [II. 1]. 


We  find  it  necessary  to  begin  by  citing  facts  concerning 
certain  auxiliary  functions  on  3BqX]R,  following  from  the  general 
considerations  of  Part  IV.  Let  (Y,Z,;)  H-  ^  (Y)  be  a  continuous 

function  on  38qX38qX1R.  Noting  that  8q  is  a  Lyapunov  domain,  we 

VWQX 


can  define  W*{$}  on  38nx]R  according  to 


wjuxz.o 


“2  rZ.kvk#*(Z,0  dX3B  * 
3B0  rZ 


(1) 


for  each  (Z,0  €  38q*]R; 


this  is  just  the  specialization  of  Definition  [IV. 20]  to  the  present 
case  of  a  null  motion.  Next,  suppose  that  (Y,Z)  F^CY)  is  bounded 
and  continuous  on  the  set  {(Y,Z)|  Y  €  38^,  Z  €  38^,  Y  i  Z}: 
then  the  function  Ct/* ^ { 4> }  is  given  on  38q*1R  by 


the  existence  of  the  integral  here  follows  from  the  considerations  of 
Definition  [IV.30.1].  Finally,  assume  that  $  is  also  such  that 


whenever  K  C  1R  is  compact,  there  exist  J_K  >  0,  j 


>  0,  and  £  (0,1]  for  which 


'(Z,C)<Y)I  iV'?00  £or  zsseo- 


and  Y  e  98nnB"  (Z) . 

0  ak 


Under  this  hypothesis,  it  is  easy  to  see  that  we  can  define  ((/*{$) 
on  38q*]R  by 


W*2{<f>}(Z,s)  :> 


2  ’V*(Zfc)  dX36  ’ 

38q  "Z 


for  each  (Z,c)  e  38q*]R; 


cf . ,  Definition  [IV.30.ii]. 


Now,  consider  the  following  hypothesis  on  the  function 
(Y,Z,  ?)  h-  ^  (Y)  ,  continuous  on  38qX3Sq*]R: 


T 


;ic»  i  V  -y y  777717171  ■  ,»v  i;  r.  r  ■ 


-3- 


for  each  compact  subset  K  C  ]R,  there  can  be 
found  >  0  and  S^,  €  (0,1]  such  that 

^(Z2,c2)(Y)“<J(Z;L,i;1)(Y)  I  -  V  KZ2>^2)“(Z1,C1)  U 


whenever  Y  €  38Q,  Z1>Z2  e  3®0’ 


and  ;ltC2  €  K. 


(5) 


If  (5)  holds,  then  W*{$}  is  locally  Holder  continuous  on  3Bq*1R, 
-t.e.,  is  Holder  continuous  on  each  compact  subset  of  3Bq*1R;  this 
follows  directly  from  [IV. 24],  If  the  bounded  and  continuous 
function  (Y,Z)  H-  r2(Y)  on  {(Y,Z)  |  Y  €  SBg,  Z  e  3BQ,  Y  4  Z} 
satisfies  the  condition 


there  exist  >  0,  <2  >  0,  AQ  >  0,  and 

Bq  €  (0,1]  such  that 


lrz2(Y)  rZl(Y)l  ^Kl'IVZli3+r2  (Y)  ‘"2  “1'3 


Z„-Z, 


for  zi»z2  6  38o  with  lZ2_Z1^3  -  A0’ 


and  Y  £ 


(6) 


while  (5)  holds  for  #,  then  { d> }  Is  locally  Holder  continuous 

on  SBqXIR;  if,  in  addition,  $  fulfills  (3),  then  W*2{?}  is  also 
locally  Holder  continuous  on  3Sq*]R.  These  assertions  concerning 
and  W*2{$}  are  consequences  of  conclusions  (ii)'  and 
(iii)'  of  Theorem  [IV. 31],  respectively. 


Again  supposing  that  (Y,Z,<;)  !-*  o,_  _.(Y)  is  continuous  on 

\  ^  *  S/ 


38q*38q*]R  and  (5)  holds,  if  we  now  introduce  functions  •' 


and  W31i($}  on  38q*]R  according  to 


W31{tKZ,?)  :a 


f  i  k  .  .. 

r  -Tzy  -}(z,;)  dxs8  • 


3  Br 


W3iiJ{4i}(Z,;)  :* 


t  rZ,it''J-vJ<Z>>-*(Z,t)  dX56  • 


38„ 


and 


W31i(<p}(Z,0  :> 


38, 


t;  !vl-''i<z)  >•»«,«  d>580 


for  (Z,;)  6  38q><]R, 


it  is  obvious  we  can  use  the  cited  property  of  W*.^}  three  times 


in  order  to  deduce  that  each  of  these  is  locally  Holder  continuous  on 


For  example,  in  the  case  of  W3^{<j>},  we  can  take  r^(Y) 


as  rz  00  and  show  that  (6)  is  fulfilled  thereby,  noting 

that 


rZ  i/Y)  ’vk(Y)-r  ,(Y)*vk(Y)|  <_  [grad  r  (Y)  -grad  r  (Y) 

2  ’  Li  L\ 


Z„-Z. 


I 


-  r  (Y)  *  2  l1 3‘ 

41 


Next,  maintaining  the  hypotheses  on 


let  us  set 
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and  take  ^(Y)  to  S*ven  by  (so  c^at  (6)  is  true). 

Observing  that  v  is  Lipschitz  continuous  on  98^  in  the  present 
setting,  whenever  K  is  compact  in  ]R  we  have 


(Z.O 


(Y)  I  <_  {  max 

Y,Z  €  38c 

;  €  K 


’<z,i>(Y),-a-Vz> 


for  Y,Z  €  sgQ  and  ?  G  K, 


for  some  a  >  0,  so  that  (3)  holds  when  4>  is  replaced  therein  by 
$.  Further,  since  p  satisfies  (5),  it  is  easy  to  check  that  p 
also  fulfills  a  condition  of  the  form  of  (5).  In  consequence  of  these 
facts,  we  can  define  on  38q*1R,  as  a  function  of  the  form 

»  by  setting 

WjijUKZ.O  j  *T  rZ,i{vj"vj(Z)}'$(Z,c)  dX38  ’ 

38  rZ  0 

(1 

for  (Z,0  G  38qx1R, 

and  assert  that  is  locally  Holder  continuous  on  33q*1R. 

Turning  next  to  the  definitions  of  the  operators  in  which  we 
are  primarily  interested,  we  first  suppose  that  u  €  C(350«F)  is 
such  that  ii  £  C(oSq><E),  and  define  the  corresponding  function 
Lu :  38q*ir  ■*  ]K  according  to 


Lu(Z,;)  -  ~ 


*  Lz"' [“](z,;)+rz[u’4](z,;)}  d‘y 


for  z  g  :-s. ,  ;  gk, 


wherein 


L  (Y)  :«  — r  (Y)vk(Z)  for  2  €  3Sn.  Y  €  55  ~{Z}'; 

^  (  V'\  V  U 


rz(Y) 


clearly, 

LU  -  -»J<  Ml-  £  eM(  !„.,])♦  ^  *MUt<  (-.*)>. 

*  3  'i 

If  w  6  C(9Sq*]R;K  )  with  0,^  €  C( 3Sqx1R;Kj)  ,  we  take  the  function 

3 

Lu:  38n*lR  -*■  k  to  be  given  by 


j  <4JU6h(z>[)+r'[DJ4](2it)>  d) 


for  Z  €  5SQ,  c  e  ]R, 


wherein 


^J(Y>  "  7^7  (r2.1U)uJ(Y)-tiW£taJrZ,,(Y>^(Z>» 


r‘(Y) 


—  (r_  (Y)vk(Z)6lj+r_  . (Y) { vJ (Y) -v 3  (Z ) } } , 

,y.  4,1 


rZ(Y> 


for  Z  €  56Q,  Y  €  38^(2}  ’ ; 


one  can  easily  check  that 


t'lU}1  -  -2(t'J{[Mi]}+2U'*kk{[u1]}-2U'*.k{[Dk]} 


2ttc  ^3i-^’A^'+  2-c  ^31kk'  2~c  ('31ik’  ^  ’  4  ^ 


Finally,  with  u  as  in  the  preceding  definition,  the  function 
Al.:  36nxIR  •*  K  is  given  by 


PTT 


rv 
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Au(Z,;)  : 1 


2ttc 


3B, 


^  (vk-»k(z)).[C,J4](Zf0 


for  Z  S  3Bq,  C  €  IR, 


so  Chat 


Ai  ■ 


Let  us  make  several  observations  concerning  the  operators  so  defined 


(i)  Suppose  that  u,  u,4>  and  y,44  lie  in  C(?B0*]R). 

Let  K  be  a  compact  subset  of  ]R.  If  Y  €  3BQ,  Z €  35Q, 

and  ^2  e  K»  then,  supposing  without  loss  that  ^1—^2'  we 

may  apply  the  mean-value  theorem  to  write,  for  some  c12(Y)  tying 
c  c 

between  5^“rz  (Y)  and  ^2-rZ  ^  or  e<?ua^  to  their  common  value 
if  these  numbers  are  not  distinct. 


[u] 


(Z2,;2)(Y)_[u1(z1,c1)(Y) 


|w(Y,5,-rf  (Y))-u(Y,i;1-rJ  (Y))  | 
L  C2  1 


|p,4(Y,?12(Y))M{i:2-r2  (Y)}-{;1-r2  (Y) } 


<  |lif4(Y,c12(Y));.{|52-C1i+  “  i  Z2-Zi !  3> 


<1 


sup 

Z  €  38, 


I  W  »  A  (Z  ,  ■»  ) 


1  + 


1/2 


•|  (Z2,c2)-(Z1,;1) 


I4-  7  Qiam  3q  1  ;  <  ;2 


We  can  derive  a  corresponding  estimate  with  y,4  replacing  u. 
Thus,  we  have  shown  that  [u]  and  [u,4]  satisfy  hypothesis  (5), 


so  that  equality  (13)  and  the  remarks  made  concerning  the  local 


Holder  continuity  of  W*{<|>},  i'31  { <J> } ,  and  foi 

<t>  satisfying  (5)  ,  allow  us  to  conclude  that  Lu  is  locally  Holder 

continuous  when  y  possesses  the  properties  required.  For  example, 
00 

if  y  G  C^OBqxB),  then  Ly  is  locally  Holder  continuous  on 
3B0xlR. 

Reasoning  similarly,  we  can  deduce  that  ILy  and  y  are 
locally  H&lder  continuous  if  y,  £>4*  anc*  ^’44  are  eIements  of 
COBqxH^k^)  (which  is  true  if,  say,  y  G  C^(38q*1R;]K'*)  )  ;  here,  of 
course,  we  appeal  to  (16)  and  (18). 

(ii)  Again,  let  y  G  C(oE^'R)  be  such  that  u,^  and  1-144 
are  also  in  C(3BqX]R).  in  view  of  the  definition  (11),  and  keeping 
in  mind  (II. 1.2),  it  is  an  easy  exercise  to  show  that  D^Ly  exists 
on  36^*®  (cf.,  Lemma  [IV. 7]),  and 

D^Ly  *  LD^u 

(and  that  (D^Ly)(Z,*)  G  CQR)  for  each  Z  G  38q) .  If,  in  addition, 
it  is  known  that  y,^  e  C(38q*1R),  then  (i)  and  (19)  imply  that 
D^Lu  is  locally  Holder  continuous.  Consequently,  it  is  clear  that 
for  u  G  C^CSBqxH),  we  also  have  Ly  G  C^(3Sq*1R),  with  D^Ly 
being  locally  Hb'lder  continuous  and 

D^Lu  *  LD^y,  for  each  j  GU. 

^  OP  ^ 

In  an  analogous  fashion,  for  u  G  C^(3Eqv1R;K  ),  one  can 

show  that  D^Lu  and  D^.’.y  exist  and  are  locallv  Holder  continuous 
4  H 


on  SB^'F,  with 


D%D  -  LD?C 


“is.  ] 


dJau  -  AD^U , 


for  each  j  £  K: 


in  particular,  1C  €  (BBqxTRjK'5)  ,  and  AC  e  C^(3Sq*IO. 

(iii)  We  shall  have  need  of  various  facts  pertaining  to  the 
iterates  of  the  operators  L  and  L.  First,  since  L  maps 

CD 

C^(3Sq*K)  into  itself,  it  is  evident  that  the  sequence  of  iterated 

n  oo 

operators  {L  }n„Q  is  well-defined  in  this  linear  space,  wherein 


L'-' 

U  :*  M , 


Lny  :■  LLn  \  for  each  n  €  H, 


for  each  u  e  C^(3Bq*]R).  (23) 


Suppose  that  y  €  c^(35QxlR):  explicitly,  from  (11)  we  have 


L  u(ZQ,t)  {L(Ly ) } (ZQ, t) 


-  4-  I  L  (Z  ).{(l+rf  (Z.)D ,)Lu}(Z. ,t-rf  (Z  ))  d'_R  (Z.) 

2  zo  1  Z0  1  4  1  Z0  1  *50  1 

-  ~  [  L.  (Z  )*{L((l+rf  (Z  )D,)y)}(Z. ,t-rf  (Z  ))  d'.f  (Z 

2*  A  z0  1  zo  1  4  1  zo  1  'co  1 


s50  5P0 


L-  (Z.)L_  (ZO 
Z0  1  L\ 


•{(1+rf  (Z,)D.)(l+r*  (Z.)D,)y}(Z,.t-r  (ZO-rJ  (Z,)) 
Z1  2  A  ZQ  1  A  -  Z0  1  Zx  2 


dX,50(Z2>  d'-:50(Zl); 


in  fact,  bv  induction  it  is  not  hard  to  prove  that 


L  u(Z0,t) 


U^J  "•  j  U=o  Lz  (zi+i}/ 

^  Tf 


35, 


36 


•{g  ‘K  “j+i’Vj 


“K'1'  Jo  \<2fc+1 


c 


d*.R  (Z  )  ...  d«.R  (Z.), 

3°o  n  "Bo  1 


for  Zq  S  3Sq,  t  G  1R,  and  n  €K. 


Moreover,  using  induction  on  n,  we  can  show  that,  for  each  u  € 

oo  in 

C^(3Sqx®)»  n  €W,  and  j  €  n,  D^L  u  exists  and  is  locally  Holder 

continuous  on  36 qx®,  with 

DjLny  =  LnD^u.  ( 


For,  we  have  already  seen  this  to  be  so  if  n  =  1,  in  (i)  and  (ii) . 
If  h  €  ]N  and  the  result  is  assumed  true  for  n  and  for  each 
j  £H,  then  (i)  and  (ii)  can  again  be  applied,  since  1.%  € 
c"(38qx®)*  giving,  for  each  j  SK, 


_ iT  n+1  J.,n  T«jTh  .,nni  T  n+1 
D^L  u  *  D^LL  p  ■  LD]j|L  y  ■  LL  D'^u  -  L 

and  implying  the  local  Holder  continuity  of  D^Ln+''' 
the  equality  D^Ln+^p  *  LD^Lnp. 

00  3 

Since  ]L  takes  C^(35qx1R;2<  )  into  itself, 


u» 


the 


be 


i 


cause  of 


terates  of 


this  operator  can  be  defined  by 


Ill 


X.  u  :*]ULn  for  each  n  €  U, 


for  each  u  €  C^OBqvRjK  ) .  (26) 


Explicitly,  for  each  y  €  C*( 38q*1*  £K; ,  we  find 


-  £)"  f  ...  |  $  t‘^1 


360  38o 


£  M(z  )1 

CZ£+1 >f 


^Vv^vK^v*-  X  \(Zk+i)) 


dA  R  (Z  )  ...  d>  (Z.), 

°°q  n  3b0  1 


for  ZQ  €  98q,  t  €  ]R,  and  n  6  U ; 


note  that,  by  the  summation  convention,  for  n  2, 

n-1  M04.1  3  3  Mi  Mi  i  i  i 

A  t+1<W  ■  l  ■■■l  ^  ‘Wi)*,  2<V- V  ”«„>• 

*  i,*l  i  ,*1  0  1  n-1 

i  n-i 

_  00  2 

Finally,  again  for  y  €  C4(38q*1R;K  ),  if  j  and  n  are  positive 
integers,  then  D^IL^y  exists  and  is  locally  Holder  continuous  on 
36q*IR,  with 

D^Lnu  »XnD^u.  (28) 


(iv)  Regarding  L  as  defined  on  8^  q(38q*1R),  and  X  and 

3 

A  as  defined  on  8^  q(38q*H;K  ),  let  us  satisfy  ourselves  that 


L:  E4,0(;B0’E)  *  £",0(iB0'K)' 


(2?) 
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TL:  S4  0(3B0x]R;K3)  -  fij  Q(  360*]R  :K3)  , 


(30) 


and 


A;  S4)0OB0x]R^3)-fiJ)0(580«). 


(31) 


Suppose  that  u  €  q(38q*]R)  :  by  (i)  and  (ii),  Lp  £  C^OSq'IR) 

and  is  locally  Holder  continuous  (along  with  D^Lp,  for  each  j  €  ft) 
Since  p  vanishes  on  SBq* (-°°,0] ,  it  is  obvious  from  (11)  and  the 
form  of  [p]^  £)  ^or  ^  ^  38^  anc*  S  (cf.,  (II.  1.2))  that 

Lp  also  vanishes  on  3BqX(-°°,0]  .  Consequently,  to  secure  the 

U 

inclusion  Lu  e  &4  q(38qX]R),  we  must  verify  that  the  estimates  re¬ 
quired  in  (II. 2.2)  are  fulfilled  by  {D^Lp}^^.  Choose  T  >  0 
and  j  €  IN;  if  Z  €  38Q  and  C  €  (0,T],  then 


j (D^Lp) (Z,;) |  *  | (LD^p) (Z, s) j 


1_ 

2tt 


f  Lz'<tD£UJ(Z,C)+r2[Dr1‘Jl(Z,c>}  “hi 

3B„ 


2tt 


+  ± 
c 


~2  * ^rZ,kyk(Z)^  ^D4u^(Z,;) ^  dA3Sf 


3B0  Z 


7T  •|rz,kvk(z),*ltDrlyl(z,o!  d' 38 


38, 


>  l 

~0 


1  j  [  (1+5-  T)j 

<  4-  b  -CJ  •<  j 
-  2tt  p,T  p.T  \j 


+  (j+l) 


(1+6,  _)(j+l) 

^  ♦  i. 


3S, 


1  t  k  .  ,  .. 

1  ’rZ,k-  (Z)  a'?50 

3B0  "Z 


—  d\ 

rz  c8o 


<  77  b  t*2 
2tt  y ,  T 


•<  \  ~2  r7  y'  (Z)  ' 

J  r2  z»k  ct>0 

-SBo  2 


) 


3S, 


—  dX 

rz  3B0 


'  { (2e) 


<l4V  J  (1+f,T>j 


•C  _}  *j 
u.T 


v,T 


,  O 


since,  for  a  >  0, 


(j-H)“(j+1)  <  (2j)a<J+1)  .  2“.2^.ja.ja3  <  2°.(2e)t,J.j“3, 


having  noted  that  ja  =  ea  2  <  ea2.  It  is  easy  to  show  that  each 


of  the  integrals  in  (32)  can  be  bounded  independently  of  Z  €  38q- 


For  example,  if  (a,l,d)  is  a  set  of  Lyapunov  constants  for  8 


r  I  lrz,/(2>l  dhB, 


a5o  'z 


360nB^fZ) ' 


~  dX  + 

‘Z  36„"B Z(2) 


7  'V*'  dhs0 

Z 


3B0nBd(Z) 


T  iv(z)-'-'!3  dx38n 

rz  u 


<  * X  R  (38n)+(a+a) 

~  d2  3B0  0 


3Bo°Bd(z) 


<  K  -X  OBn)+(a+a)-23/2  rd. 
'  d2  o60  ° 


Thus,  from  (32)  we  see  that  the  partial  derivatives  ;D2Ly}  .  , 

/l  1  2  1 


satisfv 


o  o 
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S 

1 


<i-£j 


the  required  inequalities,  which  completes  the  proof  of  (29) . 

u  3 

Similarly,  one  can  demonstrate  that  1-C  €  £  ^(3Sn*IR;K  )  and 

4,0  U 

Au  €  £^  q (  3BqX]R)  whenever  u  e  £^  Q(  380*R;K3)  ,  i.z.  ,  that  (30) 
and  (31)  are  correct. 


[II. 4]  REMARKS.  (a)  Using  the  operators  introduced  in  [II. 3], 
the  systems  (II. 1.1)  can  be  written  concisely  in  the  form 


Y-ALT  *  AF  +AAiJ> 


iJj-'TLv  *  Af 


on  SEq^IR, 


for  A  =  1  or  -1,  wherein  we  have  set 


and  the  svstem 


F1 

:  =  2vkElkCj 

SBqxR, 

(2) 

F-1 : 

:=•  2vkBlk| 

oSqXR, 

(3) 

fi := 

2e .  v-Vk| 

ljk  1 

3BqX]r, 

(4) 

4  := 

-  3,7^ 

-2e  .  vJE 

ljk 

c 

|  SBqx3R. 

(5) 

examine 

separately 

the  single  equation 

H'-ALY 

=  F  on 

cB0xiR 

(6) 

0  -AX  3 

=  f  on 

3B0-IR, 

(7) 

#  *-•  */•  J-  ^ 


which  we  shall  do  in  [II. 7],  subsequently  applying  the  results  to  the 
system  of  ultimate  interest,  (1). 


(b)  The  study  of  (6)  and  (7)  is  greatly  expedited  with  the 
imposition  of  the  following  global  geometric  condition  on  Bq  (as 
usual,  we  consider  a  null  motion  M€]M(2));  let  (a,l,d)  denote  a 
set  of  Lvapunov  constants  for  B°: 


t 


(G)  i 


there  exists  a  positive  number  ag  such  that 
whenever  Z  6  3Bq  and  d  <_  <  o^. 


J 

3BJhB3  (Z)r,B3  (Z)' 
0  p2  P]_ 


(8) 


This  is  essentially  the  hypothesis  employed  by  Fulks  and  Guenther 

[17],  who  point  out  that  it  is  fulfilled  by  a  fairly  large  family  of 

domains.  Observe  that  if  8q  satisfies  (G) ,  then  no  point  of  3Bq 

can  be  the  center  of  a  ball  whose  boundary  contains  a  subset  of  3Sq 

of  positive  X  R  -measure  (if  Z  G  3B_  were  the  center  of  such  a 
dO0  U 

ball  of  radius  o^,  then  obviously  (C)  would  fail  to  hold  for  all 
p2  P1  w*th  p2~£>1  sufficiently  small). 

Use  of  condition  (G)  leads  to  the  following  facts,  which  are 
simple  variants  of  a  result  presented  by  Fulks  and  Guenther. 

[II. 5]  LEMMA.  Let  M  be.  a  >m £Z  motion  in  1M(2)  jet  ii'hidi 
Bq  satisfies  condition  (G) .  T/icte  exists  a  positive  number 
such  thnt  icltencvci  c  >  0,  g  is  a  nennegative  continuous  Junction 


Sj-: 


It  I - 1U> 


on  [0,p],  and  Z  <=  3 8  , 


4  a2J>2}  '8°rz  dX 1  “o  l  8  dY 


3SonVz) 


r  3  3 

1  ^  l 

4«i  j«i 


3  3  ii  2^1/2 

az  ) 


g0rZ  dX3B0  -aO 


g  dJj, 


3VVZ) 


and 


4  I *g°r7  1  ar 


8  d>r 


38  jV(Z) 

0  p 


PROOF.  Let  (a,l,dg)  denote  Lyapunov  constants  for  Sn,  and 


d  e  (0,dg)  .  To  prove  (1),  choose  Z  €  3Bq.  From  (II. 3. 15),  for  each 


Y  €  3S0MZ}’, 


(L73(Y))2  =  —7^ —  l  {{r7  ,  (Y)vk(Z)}26ij 


4/v<  .L.  Z,k 

r„(Y)  j-1 


+2{r_  .  (Y)vk(Z)}5ijT7  ,(Y)-{vi(Y)-vj(Z)} 

4  ,  K  L 


+{r7  . (Y) •  (v3 (Y)-v3(Z)}}2} 

4  9  1 


TZ:  {{rz,k(Y)vk(z)}2+2{rz,k(Y)vk(z)}’rz,i(Y) 


r,(Y) 


•  {x^(Y)-v— (Z)  )-Krz  .(Y)}2*  |v(Y)-v(Z)  |2} 


1  f  f-  /t»\  ^  /«7\  )  2  ,  I  _  /xr\  k/T\l 


rZ(Y) 


{{rz,k(Y)v  (z)}  +2'rz,k(Y)-  (z) ■ 'arz(Y) 


+a2r7(Y)}, 
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while 


rZ,k(Y)v  (Z)i  -  'rZ  k<Y>v  WMrz  k(Y)*{v‘C(Z)-vK(Y)} 


-  lrz,k(Y)v  (Y)l+a‘rz(Y)’ 


so  Chat 

3 

\ 
i 


{  l  aJj(Y))2}1/2  <  {  {a*  r  (Y)+|  r_  .  (Y)vk(Y) | ^ 

Vl-1  Z  J  rf (Y)  Z  Z’k 


rZ  (Y) 


+2a-r7(Y)-{a*r7(Y)+|r7  u(Y)vk(Y) | }+a2r2(Y) }1/2 


Z'*' ' 1 ‘Z,k 
k. 


_ j_  L+  lajgi  (v)ll 

j  rzw  J 


This  gives 


{j,  az1J('f»2} 


1/2 


rz(Y) 


(2a+a) 


if  y  e  360~'B2(zn{z}\ 


rZ(Y) 


1  <2a+4<1+2ad 


d[  -  d2 


if  Y  e  380^Bj(Z) V 


Now,  let  p  >  0,  and  suppose  g:  [0,p]  -*■  [0,®)  is  continuous. 
Consider  first  the  case  in  which  p  >  d:  write 


fr  ««>2} 


SEoVZ) 


? 

lj=l 


1/2 


'8°rZ  dXe80  =  I1(Z*c')+I2(Z’c)  ’ 


wherein 


(4) 


(5) 


(6) 


I1(Z)  :  = 


3B0°Bd(Z) 


and 
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3  . .  1/2 

}h  a ^  1  '8=4  d5»s0' 


(7) 


I2(Z)  :> 


aSonBB(Z)nBB(Z) • 


r  3  ya/2 

Ui  az >  }  '80rz  d,«0- 


(8) 


To  estimate  I^(Z),  we  begin  by  noting  that,  provided  dQ  is 
sufficiently  small  (and  0  <  d  <  d^) ,  there  exists  a  positive 
such  that 


36  (Z)HBB  (£)’ 
4  C]_ 


r^  d^380  -  a0(C2"Cl) 


(9) 


whenever  Z  6  3Sq  and  0  <  4  <  4  —  d; 


at  the  end  of  the  proof,  we  shall  verify  that  this  is  so.  Select 
a  partition,  of  [0,d]:  0  ■  PQ  <  Pj.  <  •••  <  PN-1  <  - 

d.  Then,  with 

M^Cg)  :*  sup  {g(0!  pkl  —  ck^’  for  each  k  £  (1,...,N},  (10) 
we  have,  by  (5)  and  (9), 


IX(Z) 


N 

I 

k=l 


3B  ng3  (Z)'B3 
°  °k  Pk-1 


(Z)' 


3  ,  .  1/2 

I  aJV1 

j-i 


g'rZ  d'iE, 


(11) 


1  (2a+a)*  l  M,  (g)  •  7-  d> 

a8nnB3  (Z)^B3  (Z) • 

0  pk  pk-l 


<(2a+i)-a*.  J  ^(g)-(ok-o  > 

k*0 
d 

*  (2a+a) *a' •  (  g  dX, 


' 

(2a+a)  *aQ •  g  dX^^ 

0 

r  N  d,  y 

■K2a+a)-a’(l  \<g>-<Wl>-  J  8dXl)' 

/n 


Thus , 


I1 (Z)  £  (2a+a) ‘Sq’ 


g  dXx> 


since  the  second  term  on  the  right  in  (11)  can  be  made  arbitrarily 

small  by  choosing  a  partition  of  sufficiently  small  norm.  In 

examining  I^CZ) ,  we  invoke  condition  (G)  (cf.,  (II. 4. 8)):  for  any 

partition,  of  [d,o],  with  d  »  pQ  <  <  ...  <  &N_1  < 

N 

Cjj  *  p ,  defining  (M^(g)  as  *n  UO) ,  and  again  using  (5),  we 

find  that 


vz)  -  I  I 

k=l  3  3 

3B_OBJ  (Z)^B  (Z)' 

0  Dk  Ck-1 


3  ,  .  ^1/2 

I  ( L73 )  \  *gor  d> 


Z  35, 


1+2 ad  r  „  ,  , 

1  2  I  Vg) 

d  k-1 


38n^B3  (Z)"'B3  (Z)’ 

0  Pk  Ck-1 


l+2ad  r  ,  .  ,  . 

-  2  *V  -  llk(8)  ‘  (pk“Ck-l) 

d  k=l 


Reasoning  as  before,  this  implies  that 


„  l+2ad 

1  (z)  i-y-  -a, 

d 


p 

0*  {  8  dXl' 


From  (6),  (12),  and  (13), 


r  3  u  ?)1/2 

U  1  - 


3VB»<Z> 


gor  dX 


Z 


I  ,  l+2ad 

max  iaQ*  (2a+a)  ,  aQ*  — ^ — 

'  d 


g  dX1> 


If  0  <  o  <  d,  then  (14)  still  holds,  for,  then  we  need  only  effect 


an  estimate  of  the  type  already  carried  out  for  I^(Z)  ;  for  this, 


note  that  we  have  no  need  to  appeal  to  hypothesis  (G) . 


Again  with  Z  €  dB q,  a  computation  of  the  same  sort  leading 


to  (4)  and  (5)  produces  the  inequalities 


3  3  u  ?11/2 

I  I  (4j(Y))2 


i-1  J-l 


f  ( 6a2+8aa+3a2 } 1/2 


i  rz(Y) 


,  if  Y  €  bBQ~ B^(Z)  {Z)\ 


e  sSq'-b^z)  ’ , 


while  it  is  easy  to  see  that 


iUOo! 


•  |  r  (Y)vk(Z) 

^  /«»\  4<  )  K 


rJ(Y) 


ry(Z) 


(a+a) 


7^z7  * 


a+ 1 


1+ad 


if  Y  6  aBor.B^(Z)-{Z}' ,  i 

if  Y  €  (Z)  '  . 

U  u 


Using  (15)  and  (16) ,  we  can  construct  an  argument  like  that  which 
produced  (14)  in  order  to  conclude  that  there  exist  a^  >  0  and 
>  0,  depending  only  upon  8q,  for  which 


t  f  3  3 

j  {Z  I 

J,  li-i  j-i 


3  3  ii  2i1/2  r 

<LZ  )  }  ‘*°r2  d‘3Sn  -  al’  8  d,3B  • 

q  j-j.  U  n  U 

3Bq^(Z) 


and 


ILZ' *gorZ  dA360-a2‘ 


8  dX3R  * 

3Bo 


38(fVZ) 


for  Z  €  38g  and  o  >  0, 


whenever  g:  [0,c]  -*■  (0,=°)  is  continuous. 


In  view  of  (14),  (17),  and  (18),  the  existence  of  a  positive 
number  Uq  possessing  the  required  properties  shall  follow  once  we 
have  shown  that  there  is  an  a^  >  0  such  that  (9)  is  true,  provided 


0  "  d  <  dn  and  dn  is  sufficiently  small.  Select  Z  €  36n  and  set 


3SnOB;(Z) 

0  p 

► 

— 'ih^,1  dX^  for  0  <  p  <  dQ; 

3  rZ°^Z 

hz(3BoOBp(z)) 


since 


IZ^P2^"IZ^P1^ 


aS-'-B3  (Z)HB3  (Z)' 
0  p2  P1 


~  dx  R 
rz  35o 


for  0  <  p^  <  <  d 


in  order  to  prove  (9)  it  suffices  to  show  that  Iz  possesses  a 
derivative  on  (O.dg)  which  is  bounded  uniformly  in  Z.  Now,  for 
each  p  €  (0,dn),  we  know  that  h_  (36,/^B3(Z) )  is  starlike  with 

U  L  Up 

2  3 

respect  to  0  €  ]R  and  coincides  as  a  subset  of  1R  with  the  pro- 

O  O  O 

jection  onto  {Y  €  IR  |  Y  *  0}  of  the  intersection  of  B^(0) 

2  3 

and  the  graph  of  a  function  f2  €  C  (Z)));  the  boundary 

3 

3{hz(3BQr>Bp(Z)) }  is  also  starlike  with  respect  to  0  and  can  be 

3 

identified  as  the  projection  of  the  intersection  of  3B^(0)  with 

the  graph  of  f  z .  Thus,  there  is  a  2Ti-periodic  function  R(c,*) 

3 

on  K  such  that  3 {hz( oBq^B^ (Z) ) }  is  described  in  polar  coordinates 

with  pole  at  the  origin  as  the  set  { (R(p , 6) , 0) |  0  <_  9  <  2tt}. 

Clearly,  if  we  let  o  denote  the  map  (s,6)  !-*•  (s  cos  9,  s  sin  9) 

.  -1  3 

on  (0,“)*(0,2^)  and  define  f  on  the  open  set  a  (h  (35n'~'B  (Z))) 

L  u  do 


f  :=  foa, 
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we  have 

R2(p,S)+f2(R(p,e),0)  =  p2  for  0  <  p  <  dQ  and  0  <  0  <  2-.  (20) 

2 

Since  f  is  of  class  C  ,  it  follows  from  (20)  and  the  implicit 

2 

function  theorem  that  R£  C  ( (0 , dn) * (0 , 2r) ) .  Then  (20)  also  gives 


{R(p,e)+f(R(p,e),6)-f,1(R(p,e),6)}-R,1(p,0)  =  P, 


whence  we  must  also  have 


R>^(p»0) 


R(o»6)+f(R(p,6),6)*f,^(R(c,e),6) 


for  0  <  p  <  dg  and  0  <  0  <  2ir. 


Using  [VI.64.iii.2  and  4],  it  is  easy  to  see  that 


f(R(p,e),e) •f,1(R(o,9),9) 1  <_  a*R2(p , 0) •  j  ap 


<  y  aa*d2*R(p,0) 


for  0  <  P  <  dg  and  0  <  8  <  2tt, 


since 


f,  (s,e)  j  *  |  cos  9  *fM(s*  cos  9,  s*  sin  9) 


+sin  6  ’f^Cs*  cos  9,  s*  sin  6) 


<_  | grad  f  (s*  cos  9,  s*  sin  S  )  j  .  . 


Supposing  now  that  dQ  is  so  small  that,  say, 


!  ^  '  .  •  .  *  ’  *  L*  *  *  *  O  V*  */  *■  *  *  C*.  . 


O  -  ,  *-  X 

7  aa*dQ  -2 


and  observing  from  [VI.64.iii.6]  that 
7 


R(p,e)  _>  j  p,  for  0  <  p  <  d0  and  0  <  9  <  2^, 


(21) -(23)  give 


o  <  R,1(p,e)  < 


R(p, 9)-  ±  R(p ,9) 


18 


for  0  <  p  <  dg  and  0  <  9  <  2tt. 


The  starlike  nature  of  each  set  h^OBg^B  (Z))  ,  for  p  £  (0,dg) 


and  the  properties  of  R  show  that 


hM 


'  9  ^  ^ 

r 

r  i  .  jh*1] 

0  ( 

j 

Iv^1  z  1 

for  each  p  £  (0 ,dn) . 


We  have 


Vh21(»  *  r.^dChim  >^10)  '  1^2 


if  C  €  h_(56n'iB,  (Z)), 
Z  0  dQ 


so 


r  ch~1ca(s,9)  _>  s  if  9  <=  (0,2r)  and  s  £  (0,R(;,9) 

4  4 


wherein  e  e  (0,dg). 


we  can 


Therefore,  recalling  that  Jh^  _f_  /2  on  (Z)), 

conclude  that  the  integrand  in  (25)  is  majorized  by  /2  whenever 
Z  €  38q  and  p  €  (0,dg) .  We  may  then  assert  that  1^  exists  on 
(0,dn)  and  compute,  using  (24)  and  (25), 


I*(P) 


2  it 

f 


R’i(p*e)T-br  ‘^z1 


0 

./2. 


^rz0hz 


oo(R(p,6),e)*R(p,e)  d: 


2tt 

r 


de 


*/2  -2tt  , 


for  p  e  (0,dn) 


and 


Z  €  38, 


As  we  have  remarked,  the  existence  of  1^  on  (0,dg)  for  each 
Z  €  38^  and  its  uniform  boundedness  in  Z  show  that  the  Lipschitz 
condition  (9)  holds,  provided  that  dg  is  chosen  as  in  (23);  in 
fact,  we  can  take 


36tt 


•/2 


This  completes  the  proof  of  the  lemma. 


□  . 


[II. 6]  REMARK.  If,  in  [II. 5],  it  is  not  required  that  6q 
satisfy  condition  (G) ,  then  the  conclusions  of  that  lemma  still  hold 
for  p  £  [0,d],  wherein  d  is  chosen  as  in  the  proof  of  the  lemma. 
This  follows  from  an  inspection  of  the  proof  presented. 


As  promised,  we  proceed  to  state  and  prove  existence  results 
for  (II. 4. 6)  and  (II. 4. 7)  . 


-32- 


[II.7]  THEOREM.  Let  M  be  a  null  motion  in  1M(2)  for  u'hich 
SQ  satisfies  condition  (G) .  Let  x  e  k,  x  ^  0. 


U)  Suppose  that  f  e  £4  gOB^n*®"5)  . 


(-c.a)  There  exists  a  ^unc-ttcn  ^  q(3Bq*R;K  ) 
Such  that 


ip-)JL\p  =  f  C'H.  SBqXIR. 


In  (Jaci,  ifie  function 


<//:«[  xVf  (2) 

n=0 

fuw  this  property,  the  series  converging  absolute¬ 
ly  on  3BQxlR  and  uniformly  on  each  compact 
subset  38Q*TR. 

U.fa)  W-ct/i  <i>  given  by  (2), 

oo 

d£^  =  l  x\nD^  f  on  38-*® 


for  each  j  6  IN, 


each  series  converging  absolutely  on  3S0'1R 
and  uniformly  on  each  compact  subset  of 
5Bq>tr.  For  each  j  eisu{j}  and  t  >  o,~ 


We  employ  the  convention  0  :*  1. 


(ct.rt)  Tkcic  exiiti  a  function  *■  e  £  nS  'IK)  inch 


In  fact,  the  function 


Y  :=  l  AnLnF 
n=0 

ha 5  £/u^  property,  the  ie-'u.ei  conve  *3-0:3 
absolutely  on  dBQxTR  and  unifarmly  on  tack 
compact  subset  o£  3SQx]R. 

(ii.b)  iiUX.li  4*  given  btj  (9), 

OD 

D?f  =  l  AnLnD^F  on  SS.^IR 
A  Ln  4  0 

n=0 

far  each  j  £M, 


each  series  converging  able  lately  on  sS0*]R 
and  un,L  family  on  each  compact  subset  ofi  3BQxTR. 
For  each  j  6  1M{0}  and  T  >  0, 


.  I,  j  . 

°4^  I  -  bH',T,Cf  j’-5 


on  380x[0,T], 


wherein 


[icith  ctg  as  in  [II. 5]), 


1+6 


F.T 


'F,T' 


and 


In  pcuttLcuZan,  ion  each  j  €]nu{o}, 


Ui.c)  li 


ion  z  e  380, 

F  e  sj  0(3S0x]R),  then 


<!+«,  r>j 

j  ^ 

C  >  0. 


a 


oo 

PROOF.  (i)  We  define  the  sequence  (p  )  -  (of  "successive 

n  n=0 

approximations")  on  38g*]R  according  to 


f. 


p  :*  f+XL^i  , 
n  n-1 

by  (II. 3. 30),  each  \|»n  lies  in 

*1  * 

i^2  *  f+AL(f+XLf) 


for  each  n  e  U; 

&4  oMo**3*-  We  h3Ve 

f+HLf , 

-  f+XLf+X^L2f , 


and  an  easy  induction  gives 


*  -  l  >\kf  for  each  n  €EJU{0}, 

n  k-0 

OO 

just  the  partial  sums  of  the  formal  series  £  l\kf  .  Let  us  then 

k=0 

examine  the  convergence  properties  of  the  latter,  beginning  by  derivin 
an  estimate  for  the  modulus  of  the  general  term  of  the  series.  For 


k  6  K  and  points  Zq,...,Z^  chosen  from  3Bq,  we  define,  if 
t  >  0, 


360(Z0;t)  :=  {Y  €  35Q [  t-r^(Y)  >  0} • 


380(Z0,Zi;t)  :=  {Y  e  3B0|  t-r'  (Z1)-r^(Y)  >  0} , 


and 


k-1 


3B0C20,...,Zk;t)  ns  380l  t-  J  rz.<ZJ+l’'Tl  m  ”  01 ' 


j-0  'I  'J+1  ~k 


Then,  because  f  vanishes  on  3BqX(-°°,0],  from  (II. 3. 27)  it  is 
clearly  permissible  to  write 


ttLnf}io(Z0,t) 


-1 


a50(Z0;t)  380(z0’"  ”zn-l;t) 


p1  L1ti£+1(  z  )) 

(i-0  Z  ^  i+l; ! 


•{(£  (i+rVzJ+i)o4»]f1"} 


n-l 


Zn-t'  Jo  VW 


dA_o  (Z  )  •••  d.X .jj  (Z.) 
3B0  n  3Bq  1 


for  ZQ  S  3Bq,  t  >  0,  and  n  €  N, 


with  which  Cauchy's  inequality  produces 


|U.nf)  °(20,t)| 


f 

1 

n 

• 

2t, 

, 

3WT> 


il  \ 


n  l  ‘  *+1(z  ) 

e-o  z£  '4+1'' 


2>  1/2 


r0”1  ~  i 

i  r  n;1  c  1 

*  {! 

[A 

VVl  ) 

dX_  (Z  )  ...  dX. 
ot>.  n  < 

0 

for  Zp  6  3Bq, 

t  >  0 ,  and  n  €  ]N . 

B0  i; 


Now,  let  k€H,  and  suppose  that  C^‘  '*e  cla^m 

that  the  expansion 

k  k+1 

n 

J-o 


5  (1+6,0.)  -  T  ^(6.)oJ 


j'V  ~  .Ln  ~j *' 4 

j»0 


holds,  with  ap(S£)  *  1’  and>  for  ^  G  ^ . k+1'‘»  is  a 

sum  of  IT)  terms,  each  term  being  a  product  of  j  of  the  p's 


This  is  obviously  the  case  for  k  *  1.  Suppose  n  6  IN  and  the  c+. 
is  true  for  k  *  n.  Then 


n+1 

n 

J-o 

<1+2jD«>  ■  d+Sn+1D4)- 

TT 

J-O 

n+1 

’  <1+WV' 

y 

j=0 

<1+2jV 


iK’V  O  ^ 


> .  «  ,  ,  * 


§ 
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n*ri 

“S(V  +  lml  {aj(3£)+Sn+l*aj-l(£;)}D4 


+sn+rCi(sP-Dr2* 


*  aS(V  -  *• 


a j  (b4)  *  ^v+8n+rj-i(V  for  j  6  {1 . n+1}’ 


n^" X  /  n  \  nil  n  /  n  \ 
an+2  2  £  “  6n+l‘an+l(6£) 


Obviously,  ^"(B^)  an^  an+2^2£^  are  t^ie  reaufrec*  form  (note 


aj+1(Sj!.)  h3S 


that  an+l^2£^  has  "ti  *  1  term),  while  for  j  e  {l,...,n+l}, 


n+1  fn+1  m  n+2 

J  ti-i)  j 


terms,  each  term  comprising  a  product  of  j  of  the  B’s.  Thus, 


our  claim  is  substantiated,  (20)  being  of  the  required  form  for 


k  *  n+1. 


Returning  to  the  integrand  of  (18),  let  n  €  IN  with  n  >_  2, 

n-1 

t  >  0,  and  ZQ,...,Zn  €  sSq,  with  t-  [  r£  (Z  )  >  Using 


k*0  k 


the  familiar  inequality 


;  ,1/tn  1  c 

ia. . . .a  }  <  -  ) 

1  ra  —  m  ,w 


relating  the  geometric  and  arithmetic  means  of  m  nonnegative 


numbers  a,,..., a  ,  if  {i.  }j^  ,  consists  of  distinct  integers 
i  m  k.  k=  i 

chosen  from  {0,...,n-l}  (1  _<  j  <_  n)  ,  we  must  have 


j 

n 

k«l 

rz.  (Zi 

xk 

Consequently, 

if  T  >  i 

for  the  4-derivatives 

i  ( 'n-1 

tlA 

{1+r, 

Z . 
J 

n 

r 

n-1 .  c 

l  I 

<rz 

(Vi)}  ‘  (!j  • 


i4,0O50>miK3), 

r  n-1 


^  n-i  •)  | 

.IlffZn-1-  J  rZ(Wl' 

J  J  1  k=0  k  1  ‘  '  3 


n-i  •)  i 

i  A  <w  I 

k-0  k  K  1  '  ■  3 


_  1  *  (l+if  -)j 

•'  (rf  rcl  -j  f*T 


-bf,T+  J  “j  (rz/Z4+l^*bf,TCf,T 

’  j=l  J  £  ’  ’ 


<b  +  l  „,cj  T-j(1  0f’l)j 

’  1-1 


f,T f,T 


<5,  _n  n  c 

i»tT-n  ’  •  I  j  *<Cf  tt)J 

r»i  j«0  ’ 


bf,i(1+<:f,iI)n-"SE’Tn- 


If  n  *  1,  it  is  easy  to  check  that  the  final  estimate  in  (22) 
remains  valid.  Using  this  with  (18),  when  T  >  0  and  n  £1N,  we 
find 


for  ZQ  £  and  t  £  (0,T], 


. .  ^  - 


having  written 


t) 


f 


/  n  L  ^4+1(2  J 
1^0  LZ  (  £+l} 

3S0(Z0;t)  380(Z0 . Zn-l;t)  n 


dX.R  (Z  )  ...  dX  (Z.). 
oS0  n  3B0  1 


We  must  next  estimate  the  integrals  given  by  (24) ;  for  this 
we  shall  use  the  hypothesis  that  8q  satisfies  condition  (G) ,  and 
Lemma  [II. 5] .  Let  T  >  0,  and  choose  Z^  €  38q  and  t  €  (0,T]. 
Directly  from  (II. 5.1), 


J 

0 


*  a 


« 

0 


ct 


< 


a 


0 


cT. 


If  n  >  2  and  {a^  \  i,j  *  1,2,3;  k  *  0 


n-1 }  C  ]R,  then 


0  1  12  n-1  n.2 

ai  •■•Vi  ) 


c*:°v}i/2.{ i3  i3 

l1.*l  °  1,-1 


1  *  J1 


f  3  3  i  .j  .  ,-*1/2 

{  I  I  <vi  >  }  s 

k  -i  j-i  n  J 

n-l  Jn-1 


this  can  be  proven  by  induction,  using  Cauchy's  inequality.  Thus, 
for  n  >  2, 


<zo-‘> 


360(Z0;t)  360(Z0’‘"’Zn-l;t) 


i  ,  i  2' 1/2 


If  Uz01(Zl)'Lz12(Z 2>..V-ln<Zn>}  \ 

li“-l  Z0  1  Z1  1  n-l  J 


dX.K  (Z  )  ...  dX„R  (Z.) 
3B0  n  o60  1 


3B0(Z0;t)  3B0(Z0,*”’Zn-l;t)  J° 


3  2)] 

l  !tz  (z1))  f 

|„-1  0  1  ' 


3  3 


2\  1/2 


•  l  l  U,1  X(Z  )}  . 

V1  hml'  1 


t  3  3  i  .j  .  2^1/2 

I  T  u  n_1  n_1(z  ) }  [  d-  (z  )...d a 

\i  -1  3  “,=1  Zn-1  n  '  ?B0  n  r50 

n-l  Jn-1 


Upon  appealing  to  (II. 5. 2),  we  see  that  the  innermost  integral  in  (26) 


V 


3Sn^B  , 

0  n-3 


ct"  l  rz  <zj+1> 
J-o  zj  1 


(Z  ,) 
n-2 


Vi’1  in-2'1  "-2 


(  n-3 

4ct-  l  r 
1  J-o  zj 


(Zj+l}  ~rZ  2(Zn-l>  dX3Sn(Zn-l> 
n-z  '  u 


ct-  l  r  (Z  +1) 
3=0  .  Zj  J 


1  (aor 


f  f  n-j  i 

ict-  £  rz.(2j+i)  -s/  ds 

n  1  3=0  3  ' 


I  (V2.{cc-  T  r 


In  fact,  for  n  _>  3  and  k  €  {1,  —  ,n-l},  one  can  prove  by 
induction  and  (II. 5. 2)  that  the  k  innermost  integrations  in  (26) 


are  majorized  by 


,  .  r  n-k-1 

irr  (ao)  ’{ct-  J  rz.(zj+i) 

J-o  3  J 


Finally,  then,  taking  k  *  n-1  in  the  latter  and  using  (II. 5.1) 
to  estimate  the  remaining  integral  in  (26) ,  we  obtain 


in  (0‘o>n  l 

Jn  (Z0’C)  -  (n-1) ! 


VO.  „2'1/2 


3  J0 

?VBct(Z0) 


T  (L_uu(z.))z 

3>1  Z0 


' ct-r_  (Z,)}  d>.»n  (Z,) 


ffl 


H 
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fcv- 

i 


4 


(V 


ct 


-  (n-1)  ! 


(ct-s)n  ^  ds 


—  (anct)n,  for  n  >_  3. 
n  j  u  — 


From  (25),  (27),  and  (28), 
i 


In°(Z0,t)  £  “T  (oqOT)11  whenever  T  >  0,  ZQ  €  3SQ, 


t  S  (0,Tj ,  and  n  €  ]N . 


Coupling  (23)  and  (29),  and  agreeing  to  the  convention 


0°  1, 


we  arrive  at  the  inequality 


l  |xn.anf}i(z,t) 


n=0 


_  6f  Tn 
n  t ,  i 


-  bf ,T ' 


i0  •  ^rr-  - 


valid  for  T  >  0,  Z  6  35Q,  and  t  6  [0,T] 


Now,  it  is  routine  to  verify  that 


o°  n 

y  -—  n^n  <  «  whenever  M  >  0  and  i  €  (0,1)  , 
n  n! 
n*0 


whence  (31)  implies  that  \  X  X  f;  converges  absolutely  on 

n=0 


3Sq*3R  and  uniformly  on  each  compact  subset  of  3Sq*]R;  observe  that 
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N.n 


1.  f  vanishes  on  38qX(-“,0],  for  each  n.  Thus,  we  may  define 


\p  :«  l  xV'f, 

n=0 

3 

obtaining  a  function  ip  €  C(38q*]R;K  )  which  vanishes  on  38qX(-cc,o], 
the  continuity  of  ip  following  from  the  fact  that  lLnf  £ 

0($Bq^]R-K3)  C  cCBB^m-K3)  for  each  n€]NU{0}  (cf.,  (II. 3. 30)) 

and  the  uniform  convergence  of  the  series  on  each  compact  subset 
of  36q*iL  Note  that,  with  (31),  (4)  certainly  holds  if  j  =  0 
therein,  in  view  of  the  definition  (5) . 


We  shall  next  show  that  i|;  6  8^  )  and  that  the 

statements  of  (i.b)  are  correct  (for  j  6  IN)  .  Fix  p  £K,  and 

00 

consider  the  formal  series  of  pth  4-derivatives,  £  XnD^Lnf, 

n=0 

oo 

or  l  xV^Pf  (cf.,  (II. 3. 28)).  If  n  ZQ  €  3BQ,  and 

n=0 

t  >  0,  inequality  (18)  is  valid  when  f  is  replaced  therein  by 


If  n  e  ]N 

with 

n  >  2,  T  >  0,  t  €  (0 ,T] , 
n-l  . 

and 

z0’  ■  * 

.,Z  €  38. 
n  0 

with 

t_  2  rZ  (Zk+l}  >  °»  we 

k=0  K  1 

may  follow  the 

reasoning  employed  in  (22),  to  obtain 


rf":1 


n-l 


)  I 


{1+r'J(ZJ+l)D4,iD4,/l2n-t-  jQ  \<W;  3 


V  n-l,  c 
1  L  (r 

j-0  J 


Z£(Zx+l))‘ !D4  jf[Zn,t_  rZ,  '“k+1 


c  1  ! 

<Zk+1>  ' 

k  3 


-  bf ,T*Cf ,T 
n 

+  l 

j  =  l 


•P 


(1+5f,T)P 


fnl 

ft] 

ui* 

(jj 

,bf  ,T,C^’  (p+j) 


(1+'f,T)(p+j) 
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(1+6,  ~)P 


<  b  .CP  ip  f,T 
-  f,T  f,T\P 


n 

+  I 

j-1 


'nl  f^2 


U 


(p+j) 


(1+6 ,  T)  (p+j) 


f.T 


(C.  JO 


f.T 


One  can  check  that  the  final  inequality  in  (33)  is  also  valid  when 


n  *  1.  Thus,  replacing  f  in  (18)  by  D£f,  accounting  for  (33) 
and  (29),  and  introducing  the  notational  convenience 

,0 


s-  1. 


we  are  led  to  the  inequality 


0LnDPf}  °(Z0,t) 


1 

±  27 


•b  ,  _C 


f,T  f,T 


If 

f1! 

1  £ 

'  im0 

JJ 

[jj 

3  (1+6,  T) (p+j) 


-  bf,T'Cf,T{.^0 


D  („)  r^j 


Jj 


(p+j) 

(1+6,  J(P+j) 


tX'rJ‘  ic  nAiV  t) 

lLf,Ti;  j  n  U0’t; 


jj  -(p+3> 


f.T' 


(Cf,TT)JJ-7! 


3l.l_.fV!' 
i  2^ 


valid  for  n,p  €  IN,  T  >  0,  Zq  £  3Sq,  and  t  £  [0,T] 


Now,  in  Appendix  II. A,  it  is  proven  that 
a+b 


fa+b' 

l  2  i 


<  a 


abb  whenever 


and 


are  positive. 


whence  it  follows  that,  for  any  a  >  0, 


,  ,a(a+b)  -a  (a+b)  a  a  .  ab 

( a+b )  <2  -a  • b 


Therefore,  if  n,p  £  IN,  j  £  {l,...,n},  and  5  >  0, 


Consequently, 


I  |Xn*{lLnDjf}l(Z,t) 

n-0 

f  (1+5 f  T)  )P  (1+5 r  T)P 

-'t.A2  '  cf.t}-»  ’ 


OO  ✓ 

•  l  {l7<1+2 

n=0  *• 


(i+6f  T)  ) n  n6f,Tn 

•  cfiIi).|»!VT}  • 


whenever  p  e  IN,  T  >  0,  Z  6  38^,  and  t  €  [0,T] 


Taking  note  of  (32),  the  estimates  in  (38)  allow  us  to  assert  that, 

00  00 

for  each  p  €  U,  £  XnD?Lnf  =  £  X°LnD?f  converges  absolutely 

n=0  n*=0 

on  3Sq«]R  and  uniformly  on  each  compact  subset  of  38q*1R;  in  turn, 
again  for  each  p  €  K,  this  implies  that  D?^  exists  and  is 
continuous  or.  38q*1R,  with 


Da’v  *  l  AVf. 


Thus,  ^  €  C^(3Bq*1R:K  ).  Directly  from  (38),  we  obtain  (4)  for 
j  €  JST  (having  already  proven  (4)  for  j  *  0)  .  Since  we  have 
pointed  out  that  ^  vanishes  on  36q*(-®,0],  inequalities  (4) 
show  that  C  €  q(38q*IR;K^)  . 

We  have  now  proven  (i.b)  ((8)  is  obvious),  and  need  only 
verify  (1)  in  order  to  complete  the  proof  of  (i.a).  For  this, 
note  that  we  now  know  that  the  sequence  of  partial  sums  of  the 

oo  n 

series  )  /^L^f,  (•;.  =  T  X^L^f)  converges  uniformly  on 

i  a  ^  i  a  n-u 

k=0  k=0 

oc 

each  compact  subset  of  36*18  to  ^ ,  while  the  sequence  (i  ,)  , 

U  n,H  n*U 

possesses  the  same  convergence  characteristics  and  converges  to 


Choose  Z  €  and  5  £]R.  Then 


'♦.’(Z.O00  ‘  *n<Y-'-rz«» 


'»„,4’(Z,0W)  ■  *n,4«-‘-tz«» 

c  1 

while  (Y,C-r_(Y))  lies  in  the  (compact)  set  SB  *[£ - diatn  c] 

L  U  C  0 

for  each  V  e  SB„.  Therefore,  <t*n)(z>{))^  end  Uin>4!  (z>  ?)  )",0 

converge  uniformly  on  3BQ  to  [^](z  ^  and  *4 3 (z  r)» 

respectively,  whence  it  is  clear  that 


lim  }  (Z.O 

n  -  «  n 

5»  f  dl5i 


LZj  ’  {  ]  (Z,  ;)+rZ  (Z,c)  1  dX?Br 


{1L*}  (Z.O, 


so  that 


lim  XJL  l  X^f 

n  -»  ®  *-k*0 


lim  V  X^Lkf 


n  -r  ®  k  =  l 


=  7  X  jLkf  on  36n*lR. 

k=l 


Immediately  from  (40),  we  produce  the  desired  equality 


f+XLv  -  f+  l  \\kf  *  l  X^Lkf  =  i  on  35  >®, 
k-1  k=0 

which  is  just  (1) . 

H  3 

Finally,  to  prove  (i.c),  suppose  that  f  €  q(3Sq*]R;K  ). 

We  have  already  seen  that  ip  €  q08q*1R;K3)  ,  so  (II.  3. 30)  gives 

1L^  e  f  with  which  (1)  shows  that 

<P  -  f-h-xiLii  e  sj  0O80*ir;k3)  . 

The  proof  of  (i)  is  now  complete. 

(ii)  The  proof  of  this  second  half  of  the  theorem  parallels 

that  of  the  first  so  closely  that  we  shall  but  touch  upon  the  major 

00 

steps.  We  begin  by  defining  the  successive  approximations  { *  }  ^ 

according  to 


V  :*  F+XLH1  ,  for  each  n  6®, 
n  n-1 


discover  that 


y  -  y  X  L  r  for  each  n  G  3N^-*{  0 } , 

n  k-0 

00 

k  k 

and  so  are  motivated  to  examine  the  formal  series  ^  X  L  F. 

k=0 

Starting  from  (II. 3. 24)  and  proceeding  essentially  as  in  the  deriva¬ 
tion  of  (23)  (of  course,  Cauchy's  inequality  is  not  needed),  one 


3 


can  show  that 


|L  F(ZQ,t)  |  ibFjT.|^  (14CFfTT)j  -n  *  I  n  (  Zq  « t) 


for  T  >  0,  ZQ  e  3Bq,  t  €  (0 ,T]  ,  and  n  €K, 


380^z0;t^  3ZVZ0’ *  * '  ,Zn-l;t) 


k-0  lLZ.(Zk+l)l  dX3Sn(Zn)  *•'  dX3Sn(Zl) 

k  0  0 


Appealing  to  Lemma  [II.5],  in  particular  (II. 5. 3),  the  companion  to 


(29)  can  be  easily  secured: 


7n(Z0,t)  .1^7  (a0cT)n  whenever  T  >  0,  ZQ  6  3SQ, 


t  €  (0,T] ,  and  n  €  ]N. 


Thus, 


n  fF,Tn 


I  Un-L"F(20,t)|  <  b  •  Z  «4C  T).|X  !Vt}  •  S-jj 

n»0  n«0  v  ' 


for  T  >  0,  Zq  €  3Bq,  and  t  €  [0,T]. 


With  (32),  we  can  conclude  that  the  series  in  question  converges 


absolutely  and  uniformly  on  each  compact  subset  of  5BnKIR,  so  that 


we  mav  define 
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V  7  a  L  F,  on  3Sn*]R; 
n-0 


Y  is  continuous  and  vanishes  on  3Sq*(-“,0].  (44)  implies  (11) 

when  j  *  0.  The  inequalities 


l  |xn*LVF(Z,t) 


n=0 


-  bF,T' 


(1+6F  t*  )P  (1+<5f  t)p 
2  F‘T  CF>T}  -p  F’T 


l 

n*0 


r,  6r  Tn 

^7  (1+2  F’T  CB  ,T)-U|anCT| 


(1+5P  „> 


(45) 


'F,T 


*0cT/  *  ~^T 


valid  for  p  €  IN,  T  >  0,  Z  €  3B„,  and  t  e  (0,T], 


can  be  deduced  by  following  the  arguments  which  led  to  (38) . 


Consequently,  if  p  €  ]N,  7  XnD?LnF  *  £  AnLnD^F  converges 


n=0  n*0 

absolutely  and  uniformly  on  each  compact  subset  of  oS^xlR.  Thus, 


f  €  C^(?6qx1R),  with 


■  £  AnLnD?F  for  each  p  SIN. 


n*0 


From  (45),  it  is  now  seen  that  the  remaining  estimates  in  (11)  hold. 


whence  r  €  8^  q(3Sq*]R)  .  Equality  (9)  is  a  result  of  the  uniform 


convergence  on  compact  subsets  of  36q>1R  of  the  series  for  ¥  and 


and  can  be  checked  by  retracing  the  proof  of  (1),  muulto 
matCLncU-i .  Finally,  (ii.c)  is  an  obvious  consequence  of  (9),  the 
inclusion  •?  €  q(3Sq*]R),  and  the  mapping  property  of  L  given 

by  (II. 3. 29).  □. 


•  . 
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8 


i 


S 


[11. 8]  REMARK.  If,  in  [II. 7],  BQ  does  not  fulfill  condition 
(G),  then  the  reasoning  of  the  proof  can  still  be  used  to  prove 
that  there  exist  solutions  of  the  equations  considered  on 
38Q*(-°°,d],  if  (a,l,d)  is  a  set  of  Lyapunov  constants  for  Sq. 

To  provide  the  wherewithal  for  continuing  this  solution,  we  should 
return  and  develop  a  local  existence  theorem  for  solutions  of  the 
equations  in  [II . 7]  which  satisfy  more  general  initial  conditions 

on  an  appropriate  set  3Bq*[y,0],  y  <  0. 

With  the  aid  of  Theorem  [II. 7],  we  can  show  that  the  reformula¬ 
tion  work  of  Chapter  6  in  Part  I  leads  to  an  existence  result  for  a 
certain  class  of  scattering  problems  in  the  case  of  a  stationary  body. 

[11.9]  THEOREM.  Let  Ai  be  a  null  motion  in  ]M(2),  and 
assur.e  that  SQ  satisfies  condition  (G) .  let  {Eli,3l1}  be  an 
incident  &ield  appropriate  to  A(  as  in  [1.4.1],  3 or  idiich  it  is  also 
biota:  that  F,  and  F  ,  are  in  £**  -  (3B»]R;]R) ,  tohile  f.  and 

1  -1  H  ,  0  U  1 

f  1  tie  in  £^  qOBqxIRJTv3),  therein  F^,  F_^,  and  f_1 

are  given  on  dBQ*TR  by  (II. 4. 2-5),  respectively.  Then  there  crisis 
a  ( unique )  -solution  to  the  scattering  problem  generated  by  A!  and 
{Eli,Bli}.  This  solution  is  given  by  either 

Q 

_\  f  fO  '  ...  Y  /«t  .  \  1  r  i  1  / 


e01  (x,o  «  -iri^.^x.t)-  ±  i/%J>,4(xft) 
_  i_  r i_)  .  ,  ,, 

4n  ^  [rx.i,i  [tl](X,t)  bSQ 
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4ic  r  rX,i’ [il,4](X,t)  d'a8n 

360  0 


1  f  1  ,,i  i 

4itc  J  rv  ‘  lvl,4J(x, 


t)  d,SB0’ 


Boi(X,t)  *  eijkV°{^},.(X,t) 


~  \  £ijk  r  ‘^l](X,t)  d>32 


+  A  f  r~ 


eijkrX,j’[*l,4](X,t)  dX36r 


box  each  xeBJ,  t£iR, 

‘■•ct.'i  €  S^0O80xlRiIR3)  and  4'1  €  0OB0*1R;IR)  to  be  obtained 


^  :*  l  TLni1  -  2  J  lLn{vx(Bl|  350*3R) } 


I  Ln{F  +/.*  }  -  l  Ln{2v.(E'C|  38,,*®)+:.*.}, 

n-0  11  n*0  U  1 


ECi  (X,  t)  = 


1_  ,  fjJ  ,r.  ki  d, 

4  71  x jk 1  r  J  ,  U-lJ(X,t)  d  38n 

3S„  X  2  0 


a . 


4*c  J  r  ijk  X,j  -1,4  (X,t)  55 


i  d>860 

550 

“  4^c  rT  rX,i‘ ^-1,4^  (X,t)  d>  36 


4'c  ,  r  *^-l,4^(X,t)  dX38  ' 

3S0  X  0 


&CX  each  X  €  S^,  t  €  1R, 


idiei(Un  e  sj  0(3BQ>1R-IR3)  and  y_1  e  fi”  0(3B0«m^R)  ate  defer 


*  ,  [  (-l)n+JLnf  , 

n=0 

00 

-2  [  (-l)\n{vx(E'!  3Bnx]R)}, 

n=0 


f_1  :«  £  (-l)n+1Ln{F_1+'4_1} 

n*0 

00 

_  V  /  1  \  n+1,  n  r  _  _  t  r\  ’  i 


l  (-l)n  ALn{2v*(Bl;  3B0>m)+:.ir_1>; 
n*0  1 


the  idea  aisycaiing  in  (3),  (4),  (7),  and  (8)  convene  abiciutci 
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and  uniformly  on  each  compact  iubi  et  c SB^m.  Mot  coo  et, 

Eai  and  B01  e  C*(8’>®-lR)nc(S^“x]R-!R)  . 

A  Li  partial  derivatives  03  Eal  and  BCT*  •  can  be  computed  fixom  eithe 
(1)  and  (2)  ox  (5)  and  (6),  respectively,  bij  differentiation  uyidex 
the  integrals  appearing;  the  4-derivatives  of  ^  and  4^  ci 

and  4*_1  which  occux  thexebij  can  be  computed  via  term- by -term 
differentiation  o f  the  defining  series  (3)  and  (A)  cx  (7)  and 
(8),  respectively,  each  differentiated  series  converging  absolutely 
and  uniformly  on  each  compact  sublet  of  sSgXlR.  EiCunatci  for 
<!■' i»  '>_1,  and  and  their  4-derivatives ,  hence  also  6 or 

Eci  and  BPi  and  their  partial  derivatives ,  can  be  derived  by 
applying  the  results  c [II. 7].  Further  relations  amongst  , 

'V_1,  E"  1  38QxlR,  and  B°[  380*TR  ate  contained  in  the. 

conclusions  Oj  [1.6.1], 

Before  proving  these  statements,  we  point  out  that  if  the 

restrictions  El  |  88q*1R  and  B1  |  3Bq*1R  are  known  to  lie  in 

H  3 

O^BqxJRjIR  ^  ’  c^en  certainly  the  conditions  required  here  of 

fl»  F^,  f_p  and  F_^  are  fulfilled.  For  example,  if  E1  and 

Bl  are  in  c“(dl;F3),  with  {D^EX  |  3B0*3R}“=0  and 

{D^B1 [  ?6Q*IR}j=Q  satisfying  the  estimates  of  (II. 2. 2),  then 

El  j  oBgrlR  and  B1  |  38q']R  are  in  C^OBg^lRilR3)',  whence  they  are 

H  3 

locally  Lipschitz  continuous,  and  so  belong  to  3Bq-IR dFt  )  . 

P  R  0  0  F.  According  to  [1.6.1]  and  [1.6.5],  we  can  show  that  the 


(9) 


scattering  problem  corresponding  to  M  and  {E  ‘  J‘ ,B  ' }  possesses 
a  solution  if  we  can  solve  the  (modified)  reformulated  problem: 
show  that  there  exist  locally  Holder  continuous  functions  4^, 

4^,  4I_^»  and  4_^  on  35qX®,  vanishing  on  36qx (-°°,0] ,  with 


D4^1’  ^  e  COBqX®;*3), 

Di'l*  DKl  €  C(3S0xIR), 


for  j  *  1  and  2, 


while  4^  and  4^  are  solutions  of  (1. 6. 5. 4),  and  4>_^  and  4_^ 
comprise  a  solution  of  (1. 6. 5. 6),  i. c.  ,  in  view  of  the  results  of 
[II. 1]  and  [II. 4],  such  that 


■  *-Vx-vV 


V^x  •  x‘fx> 


on  3BqxTR,  for  X  *  1  and  -1 , 


Once  the  existence  of  such  functions  has  been  established,  a 
solution  of  the  scattering  problem  can  be  constructed  by  using 
either  (1.6. 1.6  and  7)  (with  4,*  «  4;*  and  4'  ■  4^  therein)  or 
(I. 6. 1.8  and  9)  (with  y*  *  4^  and  r  ■  4_^  therein);  in  fact, 
all  conclusions  of  [1.6.1]  will  be  valid  (with  the  appropriate  re¬ 
placements  of  symbols). 

Now,  with  X  *  1  [X  ■  -1],  since  f^  €  £^  q(36q*1R;IR^)  , 

[II. 7. i]  asserts  that  (10)9  holds  when  is  given  by  (3)  [by  (7)] 

that  4;^  6  q(3Sq*!R;IR^)  ,  and  that  the  series  (3)  [(7)]  as  well 

,1  .  OD 

as  those  giving  iD^l^i  possess  the  convergence  properties 


claimed  for  them.  Next,  (II.  3. 31)  implies  that  .  £  £^  ^(  I-Sq-®  ;K)  , 
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so  F^+Av^  €  6^  g ( SBq^IR ilR)  .  Thus,  we  may  apply  [II.7.ii]  to  conclude 
that  (10).  obtains  if  is  defined  by  (4)  [by  (8)],  that  f,  € 

X  A  A 

u 

0 ( 5SqX]R  jlR)  ,  and  that  the  series  (4)  [(8)]  as  well  as  those 
i  00 

giving  {D^}  ^ave  c^e  convergence  characteristics  claimed  for 


Since  we  have  produced  for  the  reformulated  problem  a 
solution  of  the  required  form,  we  know  that  the  scattering  problem 
induced  by  the  data  M  and  {El^,B1*}  is  also  solvable,  a  solution 
being  given  by  either  (from  (1.6. 1.6  and  7)) 


E0i  - 


„Oi  ,.0,  ,k, 

B  -  ‘ijiA 


or  (from  (1.6. 1.8  and  9)) 


roi  ,.0,  ,k  , 

E  ■  -'ijk1'  {*-iV 

B01  . 


Now,  explicit  expressions  for  the  partial  derivatives  of  l /  { V ^ ) » 

and  V  are  available  from  equalities 
(1.5.13.2  and  3);  using  these  in  (11)-(14),  one  can  easily  check  that 
(1),  (2),  (5),  and  (6)  are  correct. 

The  inclusions  EC1,  B01  €  C1(o^]R •p0r'C(8£m«JRjJR)  follow 
from  [1.6.1],  But,  since  MGJM(2;*>)  and  v*.  ■  1  e  CX'Sq'E)  (or 

€  C^(?BqvIR)),  it  is  clear  from  [1.5.7]  and  the  represents- 
tions  (1)  and  (2)  (or  (5)  and  (6))  that  E'i  and  Bji  are  in 


00 

C  (8q"]R) ,  while  the  partial  derivatives  of  these  functions  can  be 
computed  by  differentiation  under  the  integrals  in  (1)  and  (2)  (or 
(5)  and  (6)).  As  already  noted,  all  4-derivatives  of  'f^, 

p  and  4*  ^  can  be  computed  by  term-by-term  differentiation  of 

the  respective  defining  series,  as  [II. 7]  shows. 

Finally,  the  uniqueness  of  this  solution  of  the  scattering 
problem  is  an  immediate  consequence  of  [1.4.10].  □. 

[II. 10]  REMARKS.  (a)  If,  in  [II. 9],  8^  does  not  satisfy 
condition  (G) ,  then  we  can  still  construct  a  solution  of  the  scatter¬ 
ing  problem  for  t  d,  wherein  (a,l,d)  is  a  set  of  Lyapunov 
constants  for  8^:  cf..  Remark  [II. 8],  In  order  to  prove  that  this 
solution  can  be  continued,  we  might  proceed  by  either  developing  an 
existence  theorem  for  the  equations  considered  in  [II. 7]  without 
imposing  condition  (G),  or  solving  a  Cauchy  problem  for  Maxwell's 
equations  and  using  the  result  to  set  up  an  auxiliary  scattering 
problem  with  homogeneous  initial  conditions  at  t  *  d,  solving 
this  for  t  <_  2d,  etc.  For  construction  purposes,  the  latter  step¬ 
wise  procedure  would  obviously  be  at  best  cumbersome. 


I I. A.  APPENDIX 


=  a  in  a  +b  in  b  +(a+b) 


( 


r~~  in  f  1+  -1 
1+x  (  a 


+  I5T  (1+a>}  ' 


Thus,  we  are  led  to  examine  the  function  f  given  on  (0,*)  by 


f(x)  :=  ^  £n 


1+  - 
x 


+  —  £n  (1+x) 


- -  {(1+x)  £n  (1+x)  -x  in  x},  for  x  >  0. 

1+x 


We  find 


f'(x)  * - — ~ ~  ,  for  x  >  0, 

(1+x) 

whence  it  is  easy  to  see  that  f  takes  on  its  absolute  maximum  at 
the  single  point  1,  where  f(l)  *  in  2.  Since  (3)  says  that 


(a+b)  in  (a+b)  *  a  in  a  +b  in  b  +(a+b)*f(a), 


it  follows  that  (2)  is  true,  with  equality  holding  iff  a  =  1, 
-i.e.,  iff  a  *  b.  This  completes  the  proof.  □. 


Observe  that 

a  in  fl+  — ]  +b  in  fl+  <  a*  —  +b •  ^  =  (a+b)  in  e: 
l  aj  {  bj  a  b 

in  view  of  the  first  equality  in  (3),  this  shows  that  (2),  hence  also 
(1),  is  true  with  strict  inequality  and  2  replaced  by  e.  This 
actually  suffices  for  the  requirements  of  the  proof  of  [II. 7], 
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